Space—time Kalman filter

Noel Cressie & Christopher K. Wikle
Volume 4, pp 2045-2049

in
Encyclopedia of Environmetrics
(ISBN 0471 899976)
Edited by
Abdel H. El-Shaarawi and Walter W. Piegorsch

© John Wiley & Sons, Ltd, Chichester, 2002



Space—time Kalman filter

The Kalman filter arose out of R.E. Kalman’s interest
in applying the concept of state vectors to the Wiener
filtering problem [14]. The success of this method
was evident in early applications to trajectory estima-
tion and control of spacecraft; it was so successful,
in fact, that the Kalman filter quickly became an
essential component of modern control theory and
practice (e.g. [13]). This initial success led to the
propagation of Kalman-filtering ideas to other scien-
tific disciplines, within which the methodology was
adapted to suit numerous state—space oriented prob-
lems (see State—space methods). For example, in the
atmospheric sciences, the approach was discussed and
tested in the context of numerical weather prediction
data assimilation in the early 1980s, where the spatial
dimension is handled by considering the state process
as a vector of pixel values (e.g. [7]). Kalman filter-
ing (of spatial data) is still an active area of research
in the atmospheric and oceanic sciences [4, 18, 20].
More generally, the idea of dynamic space—time sta-
tistical models (see Dynamic model) (albeit from a
time series perspective) can be found in earlier work
in geography by Bennett [1].

Initial efforts at space—time modeling in statis-
tics focused on what we would now call linear
mixed models. These models typically included deter-
ministic spatio-temporal trend plus various spatial,
temporal, and spatio-temporal random effects. Such
approaches necessarily require that one specifies
explicitly the joint space—time covariance struc-
ture of the process of interest (see Space—time
covariance models). In practice, when one con-
siders high-dimensional processes with complicated
dynamics, this approach is limiting. In the 1990s,
several researchers independently began looking at
the potential of having a dynamic temporal aspect
in space—time statistical modeling. Commenting on
Handcock and Wallis’ [11] Bayesian approach to
geostatistical space—time modeling, Cressie [6] sug-
gested that a Kalman filter incorporating space and
time would be a powerful way to apply the Bayesian
paradigm to modeling space—time phenomena. In an
invited paper to the Seventeenth International Bio-
metric Society Conference in 1994, Goodall and
Mardia [8] sketched the idea for an approach to
space—time Kalman filtering that resulted in the arti-
cle by Mardia et al. [15]. Also in 1994, Guttorp

et al. [8] considered many of the notions of the
dynamic space—time model, although they did not
consider Kalman filtering. It appears that the first fully
detailed, statistically motivated, continuous space,
space—time Kalman filter (STKF) appeared in Huang
and Cressie [12], there applied to the problem of
predicting snow-water equivalent during the winter
and spring months of the western US. The dynamic
space—time structure was relatively simple, being
separable in space and time. More complicated struc-
tures have recently been considered by Berke [3],
Meiring et al. [17], and Wikle and Cressie [22].

A General Space-Time Dynamical Model

Before presenting the details of space—time Kalman
filtering, it is useful to examine the general notions of
dynamic space—time statistical modeling. We begin
by considering a data model for our observations
z(s; 1), namely

G, 1) = faly(, 1);04(1)] (1)

where f; is a stochastic functional that depends on
the true process y(-, t) and parameters 6, (7). We then
specify a process model to describe how the state
process evolves with time; that is,

ye. ) = fplyCr =D, ...,y 1):6p,(0]  (2)

where f), is a stochastic functional of past values
of the true process and parameters 6,(f). Equa-
tion (2) models the space—time dynamics of the
phenomenon, such as might be obtained by a dis-
cretization of stochastic partial differential equations
derived from physical laws of temperature, pressure,
and wind. Often, in the environmental sciences, we
have incomplete knowledge of the physical mech-
anisms responsible for the dynamics, and we must
resort to statistical estimation to describe the dynam-
ics. We note that this modeling framework makes no
distributional or linearity assumptions, and is flexi-
ble enough to consider both discrete and continuous
spatial and temporal processes.

From a hierarchical model point of view, (1)
gives the first-level probability distribution [z|y, 6],
and (2) gives the second-level probability distribution
[v16,], where for notational convenience (only) we
momentarily leave out dependence on ¢ and the
notation [u|v] denotes the distribution of u given v.
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Then Bayes’ theorem gives the posterior probability
distribution through

[ylz, 6] o [z]y, 64] x [y]6p] 3)

where 0 = (021,0;,)’ (see Bayesian methods and
modeling). If we assume squared-error loss (as is
usually the case), the optimal predictor of y(sg, #g) is

¥(s0, to) = E(¥(so, t0)lz, 6) “4)

which is the mean of the posterior distribution (3).
The posterior variance obtained from (3) is a measure
of how precise the predictor (s, #p) is.

To complete our discussion of general space—
time statistical modeling, we discuss how 6 can be
handled. First, we note that ‘plugging in’ an estimate
6 into the posterior distribution [y|z, 8] or the predic-
tor E(y(so, t9)|z, 0) is, in effect, an empirical Bayes
method of analysis. This ignores the extra variability
inherent in estimating 6. Alternatively, a fully hierar-
chical Bayesian implementation puts a prior distri-
bution [0] on the parameters # and bases all infer-
ence on the resulting posterior distribution [y, 6|z].
Waller et al. [21], Wikle et al. [23], and Berliner
et al. [2] show this to be a very powerful methodol-
ogy for including complicated space—time structure
(see Hierarchical Bayesian space—time analysis).
The drawback is a high computational overhead (see
Bayesian computation), which may prove to be
insurmountable if on-line filtering is required.

The STKF and Dimension Reduction

When (1) and (2) satisfy linear and Gaussian assump-
tions, a STKF can be obtained. Furthermore, as dis-
cussed below, Wikle and Cressie [22] show how a
state—space dimension reduction can be achieved by
featuring dominant components of variation in (2).
Consider the following three model equations:

z7(s,t) = y(s,t) + (s, ) 5)
¥(s, 1) = u(s, t) + v(s, 1) (6)

Wi, 1) = / ot — Ddu+ 6.0 (7)

where the error terms ¢, v, and n are assumed Gaus-
sian. In the general framework outlined above, (5)
corresponds to the measurement equation (1), and (6)
and (7) represent the process model (2). In (5), the

error term ¢ is white noise and represents measure-
ment error. In (6), the error term v represents a spatial
structure that is independent from one time point to
the next. In the terminology of Cressie [5, Chapter 2],
v represents the small-scale spatial structure that,
while exhibiting temporal variability, has no tem-
poral dynamics associated with it. Note that Mardia
et al. [15] assume that v = 0, resulting in space—time
predictions that may oversmooth and mean squared
prediction errors that do not account for the compo-
nent v. We also note that the model (5), (6), and (7)
is continuous in space and discrete in time. Such a
formulation is ideal for dynamic environmental pro-
cesses, which we are often interested in predicting,
and whose principle dynamics are governed by rela-
tively large time scales.

The space—time dynamics are found in the other
component of (6), namely . In (7), u(s, t) is seen to
depend dynamically on p(u, t — 1), where u belongs
to some ‘neighborhood’ of s determined by the sup-
port of the interaction function wg(u). Thus, if rainfall
is the variable of interest and weather patterns gen-
erally develop from west to east, then the rainfall
tomorrow at location s will depend on today’s rain-
fall at locations u within a swath west of s, up to
a distance determined by the speed of the weather
system. Importantly, the error term 7 in (7) is tempo-
rally white but spatially ‘colored’, which provides the
independent shocks needed to keep the autoregres-
sive process of random fields {u(-,#):t =1,2,...}
moving forward in time in a stochastic manner.

Identifiability of the decomposition (6) is main-
tained by writing

K
(s, )= ajt)g;(s) ®)

j=1

where {¢;(-): j = 1, 2, ...} are a complete and ortho-
normal sequence of deterministic spatial functions
and {a;(1):t =1,2,...} is a random time series for
each j =1,2,..., K. The upper index K is the key to
dimension reduction in the STKF and, once chosen,
determines the dependence structure in the error term
v in (6). Now, because of completeness, we can write

ws(u) = > by () (w) ©)
=1

Truncating the infinite series in (9) and using the
orthonormality of the basis functions allows us to
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write (7) as
¢(s)'a(r) =b(s)a(t — 1) +n(s, 1) (10)

where ¢(s) = [¢1(5), ..., ¢ ()], a(t) = [a1 (1), .. .,
ag (1)), and b(s) = [b;(s), ..., bg(s)]'. This equation
holds in particular for locations {si, ..., s,}, which
allows the vector a(z) to be isolated on the left-hand
side of a first-order autoregressive equation. Thus,
(5), (6), and (7) become

z7(s,t) = y(s,t) + (s, 1) (11)

K

Y, 1) =Y aj)p;(s)+ vis, 1) 12)
j=1

a(t)y=Ha(t—1)+Jn() (13)

where () = [n(s1,1),...,n(6,, 0, H=JB, J =
(') 1@, and the n x K matrices & and B are de-
fined as ® = [¢(s1), ..., ¢(s,)] and B = [b(sy), ...,
b(s,)l'.

The goal of the STKEF is to predict the unseen pro-
cess y based on space—time data {z(s;, #;)}. Assuming
squared-error loss, the optimal predictor of y(sg, 7g) is
E{y(so, t0)|{z(si, t;)}}. Under Gaussian assumptions,
this conditional expectation is linear in the data. And,
if the Gaussian assumption is not appropriate, this lin-
ear predictor is still optimal, but now in the class of
all linear predictors.

Given (11) and (12) and the state-process equa-
tion (13), the optimal predictor of a(¢) given obser-
vations up to and including 7 is expressed recursively
in terms of a Kalman filter [14, 16]:

a(t|r) = Ela()|z(2), ..., z(1)]
=a|t— 1)+ G@)[z(t) — Pait|t — 1)] (14)
for t > 1, with mean-squared prediction error
P(1]t) = E{[a(t) — a@t|n)][a(r) — a(|1)]'}
=Pit—1)— G@)DPP(t|t — 1) (15)

where z(t) = [z(s1, 1), . . ., 2(sy, )]'; the Kalman gain

G(t) is given by
G(t) = P(t]t — D®'[R+V + ®P(t|r — 1)®']™!
(16)

and R and V are defined below.

The one-step-ahead prediction equations are
given by

aitlt—1)=Ela@®)|z(t —1),...,z(1)]
=Ha@— 1]t - 1), (17)
P(t|t — 1) = var[a(®t)|z(t — 1), ..., z(1)]
=HP(t—1|t—DH +JQJ (18)
where R = var[e(?)], V = var[v(¢)], Q = var[n(1)],
e() = [e(s1, 1), ..., &(sn, D]
v(t) = [v(s1, 1), ..., v(sn, )]

and n(¢) was similarly defined earlier. To start the
Kalman recursion, we assume that 4(0/0) = 0 and
P0O|0)=JC g J', where in practice an estimate c g is
substituted for Cg = var[u(sy, 1), ..., u(sy, )] [22].

Now, consider prediction of the process y(s,t)
based on the Kalman filter predictor a(t|¢). The
optimal predictor is then

3(s, tl) = ¢(s)a(t10) + eu(s) (CHH ') (20)

where

19)

Ch = var[z(1)], cy(s) = E[v(s, n)v(1)]

= [Cl)(sa Sl)v ER] CU(87 sl’l)]/ (21)

and c,(s,r) = E[v(s, H)v(r, t)]. We note that the sec-
ond term in (20) is a type of simple kriging (e.g. [5,
p- 110]) applied to the spatial error term v(s, t). Thus,
as the truncation integer K decreases, the optimal pre-
dictor of y(s, t) begins to look more and more like
the simple-kriging predictor in the presence of mea-
surement error. This formula is contrasted with that
of Mardia et al. [15], which does not have the second
term. The recognition of the component of variation
v in (6) and its presence in the optimal predictor (20)
is important.

The conditional prediction error variance for
y(s, t) is

var[y(s, t) — y(s, t|t)|z(?), ..., z(1)]
= $(s)P(t|NP(s) + €u(s,8) — €y (s) (CH) ey (s)
— 2¢(s) cov[a(t|r), Z(t)](Cé)flcu(S) (22)

The first term in (22) corresponds to the predic-
tion error variance from the w process; the second
and third terms together correspond to the simple-
kriging prediction variance of the v process; the last



4 Space—time Kalman filter

term is a correction resulting from the covariance
between the Kalman-filter prediction of the p pro-
cess [through the Kalman-filter prediction of a(-)] and
the simple-kriging predictor. As the truncation inte-
ger K decreases, the prediction error variance tends
to behave more and more like the simple-kriging
variance.

The one-step-ahead optimal predictor and predic-
tion error variance for y(s, t 4+ 1), based on the model
(11), (12), and (13), can be found in a similar fash-
ion. In this case, the kriging terms do not contribute
to the one-step-ahead prediction since the v process
is assumed not to evolve in time. We also note that
one can implement the backward ‘smoothing’ recur-
sions to get a space—time Kalman smoother if desired
(e.g. [19]).

Unknown Parameters in the STKF

The predictor presented above is optimal assuming
the covariances R, V, and Q are known, as well as
is the state matrix H (i.e. ® and B are known). In
our case, we can choose any class of ¢s as long as
they are complete and orthonormal, but we must esti-
mate the R, V, O, and B matrices. By substituting
these estimates in place of the unknown matrices,
we no longer obtain exactly the conditional expecta-
tion. This approach is completely analogous to what
is done when Kalman filtering in time or kriging in
space, where the covariance or variogram parame-
ters are usually unknown and have to be estimated.
A general discussion of the problems in obtaining
predictive distributions given estimated parameters,
can be found in [24]. As mentioned previously, this
approach corresponds to viewing the Kalman filter as
an empirical Bayesian technique [16]. Alternatively,
fully Bayesian hierarchical approaches to space—time
dynamic modeling can be implemented [2, 23], but
there is a tradeoff between computational efficiency,
with the empirical Bayesian approach, and statistical
precision, with the fully Bayesian approach. Wikle
and Cressie [22] give standard method-of-moments
estimators for R, V, O, and B. Although maximum
likelihood estimators of model parameters are more
efficient, the high-dimensional nature of many spatio-
temporal problems makes for poorly behaved likeli-
hood surfaces and iterative algorithms that are diffi-
cult to implement, thus defeating one of our goals

of being able to process efficiently large spatio-
temporal datasets. However, if the dimension reduc-
tion is considerable, maximum likelihood estimation
of the STKF can be considered using modifications
of Gauss—Newton methods (e.g. [9]) or the EM
algorithm (e.g. [19]).
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